A hydrogen gas filled storage ring appears to be a promising approach to reducing the emittance of a muon beam for use in a neutrino factory or a muon collider. A small muon cooling ring is being studied to test the feasibility of cooling by this method. This paper describes the magnet system to circulate the muons. The magnet design is optimized to produce a large dynamic aperture to contain the muon beam with minimum losses. Muons are tracked through the field to verify the design.
Summary

Purpose of the Research
The future of elementary particle physics in the USA depends in part on the development of new machines such as the International Linear Collider, Muon Collider and Neutrino Factories which can produce particle beams of higher energy, intensity, or particle type than now exists. These beams will enable the continued exploration of the world of elementary particles and interactions. In addition, the associated development of new technologies and machines such as a Muon Ring Cooler is essential.
This project was to undertake a feasibility study of a compact gas-filled storage ring for 6D cooling of muon beams. The ultimate goal, in Phase III, was to build, test, and operate a demonstration storage ring.
Brief Description of Research Performed
The preferred lattice for the storage ring was determined and dynamic simulations of particles through the lattice were performed. A conceptual design and drawing of the magnets were made and a study of the RF cavity and possible injection/ejection scheme made. Commercial applications for the device were investigated and the writing of the Phase II proposal completed.
Research Findings or Results
The research findings conclude that a compact gas-filled storage ring for 6D cooling of muon beams is possible with further research and development.
Potential Applications
Near-term applications for this device will be in the scientific sectors of the federal government. Longer-term applications, in commercial markets, may include products for businesses and households based on nanoscience technology and the development and construction of equipment used in homeland security. Other commercial applications may include the diagnosis and treatment of human disease.
Phase I Technical Report
Lattices considered for a demonstration gas-filled cooling ring
Background
Our previous studies on cooling rings with liquid-hydrogen (LiH) absorbers began with quadrupole-dipole rings and evolved to dipole-only rings. The quadrupole-dipole rings rely on dipoles to produce dispersion in the absorbers and on quadrupoles to focus the beam to low betas (i.e. small transverse dimensions) in the absorbers. The dipole-only rings rely on dipoles with edge focusing to provide both low betas and dispersion in the absorbers. The dipole-only rings were more compact than the quadrupole-dipole rings, had smaller peak beta! ! values, and gave better cooling. A final modification of the dipoleonly rings led to lattices for the weak-focusing gas-filled rings discussed below.
A quadrupole-dipole 8-cell cooling ring lattice cell A dipole only 4-cell cooling ring lattice cell These ring lattices were designed using SYNCH with the hard-edge model. The simulations were made using ICOOL, whose capabilities were expanded to include new features, such as dipoles with edge focusing and gradient.
In the work for this SBIR there has been much use of realistic magnet studies and simulations with them to make the necessary lattice choices, Following are the major lattice criteria and decisions that have been made in Phase I. We have kept in mind that the primary objective is to design a ring cooler that will demonstrate cooling with reasonable cost and time, but need not have the cooling efficiency that the a complete collider system might require.
Scaling
The first lattice choice is that the ring lattice should be scaling; this implies that all closed orbits for different momentum values are identical except for a scale factor. Scaling lattices have large acceptances, which is important for cooling.
Beam Uniformity
Since the beam will traverse the compressed gas everywhere, it is essential that there be no regions with high beta-function values; since beam loss and heating due to scattering would be most severe in these regions.
Weak or Strong Focusing Lattices
We have considered two types of scaling ring lattices, weak focusing and strong focusing. In both types the edges of the magnets lie along radii from the ring center. The weak focusing ring magnets are all identical, with relatively flat magnetic fields. The magnets of a strong focusing ring have alternating fields and a special radial field dependence that guarantees the scaling of the closed orbits.
As potential cooling devices in a muon collider or neutrino factory scenario, rings of both types have advantages and disadvantages, but for a demonstration cooling ring the weak focusing type seems superior in simplicity and cost. Such rings are smaller, have fewer magnets and RF cavities, and have only one magnet type. We have found examples for both types with similar cooling performances. Injection might be easier in a strong focusing ring if it contains adequate straight sections. Unfortunately, the longer these straight sections are, the higher the peak beta values become, so the desired uniformity might not be possible.
Therefore it was decided to utilize a weak focusing ring design.
Conventional or Superconducting Magnets
In our previous studies of LiH absorber rings the magnets were usually superconducting, with fields of 2.6 T or higher. The high fields allow small rings and high beam energy, and consequently more beam cooling. However for reasons of simplicity and cost, we chose to use conventional magnets, with fields set at 1.8 T.
Skew Quadrupole Fields
A consequence of choosing a non-superconducting magnetic field value was to lower the beam energy, which led to a loss of horizontal cooling. This has been corrected by introduction of skew quadrupole fields along the magnet edges, as will be discussed below.
RF System
Cooling simulations were made with several RF frequencies (200, 400 and 800 MHz). Of these, only the lowest frequency gave satisfactory results, so the RF frequency was set at 201.25 MHz
Possible Circumference and Momentum Values
The choice of the magnetic field and RF frequency determine a discrete set of possible closed orbits, one for each harmonic number. Each of these closed orbits has a certain circumference and momentum value.
Number of Magnets
Rings with a range of magnet numbers N =3,4,6 and 8 and several harmonic numbers H have been examined, using SYNCH with the hard-edge model to calculate orbits and momenta.. For each case, cooling simulation runs were performed with ICOOL The results showed that 4 and 6 magnet rings were most successful, with a N=6 being the best. There was additional slight improvement for N=8, but this was small The reason for better cooling with higher N values is that the beta functions become smoother and their peak values smaller. As a result of these studies it was tentatively decided to choose a 6 magnet ring with harmonic number 3.
Realistic Magnets
However, when 3D calculations of more realistic magnet models were made using TOSCA, with a vertical pole separation or gap of 30cm, as had been assumed in the simulations, the dynamic apertures of the 6 magnet ring were smaller than those of a 4 magnet ring. To equalize these apertures, the gap of the 6 magnet ring was reduced from 30cm to 20cm. When cooling simulations were done with this gap, the 4-magnet ring was superior. So finally, the magnet number N=4 was adopted.
Cooler Ring Lattice Parameters
Number of cells 4
Harmonic number 3 
Beam Dynamics Simulation
We have simulated several lattices in search for an optimal layout which could yield substantial cooling in all three spatial dimensions. We define as a figure the merit the quantity Transmission rate
We find that excellent performances as measured by this merit factor can be achieved with both dipole only lattices in both weak focusing and strong focusing cases. Merit factors as high as 400 have been simulated for the weak focusing case and as high as 120 for the strong focusing case. These solutions call for rather aggressive component parameters such as high field dipoles (5T), high operating pressures (100 bar), and high RF accelerating gradients (45 MV/m). In order to build a cooling ring suitable for demonstrating the principles of technique we consider reducing these operational parameters to allow for a cost effective demonstration while still achieving a measurable reduction in the 6D emittance. For this reason we confined ourselves to a peak dipole bending field of ~1.8T, a peak rf gradient of ~ 10MV/m and a peak gas pressure of 10 atmospheres (at 77 deg K).
With this restricted set of parameters we have still been able to achieve a merit factor of 20 for the hard edge lattice solutions. We have also chosen to confine our lattice to 4 cells in order to further simplify magnet construction. In the following figure, we show the results of the emittance reduction in each of the three dimensions. We continue to find satisfactory solutions which deliver merit factors on the order of 10.
In a second approach we construct fields for magnets containing current elements and iron by utilizing the code TOSCA. The resulting calculated fields are then used to generated fourier expansions about the closed orbit of a reference momentum (172 MeV/c). Initial results yielded poor dynamic aperture and corresponding disappointing merit factors. Subsequent iterations using alterations of the iron pole shapes show improvements in the dynamic aperture can be achieved and that cooling in all three dimensions can be achieved.
The following figure shows the longitudinal field profile as calculated with TOSCA. Further improvements can be expected particularly with respect to the vertical dynamic aperture.
DESIGN OF A MAGNET SYSTEM FOR A MUON COOLING RING
Introduction
Both muon colliders and neutrino factories uses muon rings with small emittance beams. Our group has been studying using a small storage ring for the purpose of cooling a muon beam using ionization cooling [1] . The cooling ring shown in fig 1 consists of four cells each with a dipole that bends the reference beam by 90'. These dipole magnets have large vertical apertures in order to minimize the losses of the large emittance beam. The pole edges are rotated with respect to the incident closed orbit path so as to provide horizontal focusing. The ring aperture is filled with pressurized hydrogen gas to act as the absorber for the ionization cooling. RF cavities are placed in the free space between adjacent magnets to replace the energy lost in the hydrogen. Table 1 shows the parameters that describe this ring. The cooling aspects of this ring will be discussed in another paper submitted to this conference [2] . This paper will describe the design of the magnet system to be used in this ring. The fields generated by the magnets are used to track muons in the ring. Because of the small size of the ring the local variation of the field along the ring is important. The tracking of muons is made using the ICOOL simulation code [3] , where the field is supplied to ICOOL as a fourier decomposition of the field harmonics along the closed orbit path. The simulation is used to establish the dynamic aperture of the cooling ring.
MAGNET DESIGN
The dipole magnet in each cell should bend a 172.12 MeV/c reference muon on the closed orbit by 90'. The magnet pole faces are rotated by 22.5' in order to provide edge focusing in the horizontal plane. Fig 2 shows a diagram of the mid plane geometry of one cell of the ring. It is desirable to have a horizontal aperture of (20 cm about the closed orbit. The field should be as uniform as possible in that region. The vertical aperture needs to be (15 cm in order to contain the full beam. The dipole field is chosen to be 1.8 Tesla so that the iron yoke does not significantly saturate. The coils are placed around the poles and because of space limitations they will likely be superconducting. Fig 3 shows a vertical The poles are shaped to provide a more uniform field. Fig 4 shows the effect of shaping the poles to provide an extended and more uniform field as a function of the radial distance. This will improve the horizontal dynamic aperture. The field needs to be reasonably uniform over a region (20 cm about the reference orbit. 
Field Computation
The field from this magnet is computed using the finite element code TOSCA [4] . A single magnet is modeled and the presence of the other magnets is taken into account with the boundary conditions. TOSCA provides the ability to track particles within the program. By launching muons at various start positions on a symmetry plane, a closed orbit can be found. Using a mid-plane field map from TOSCA, the field and its harmonics can be calculated along the closed orbit path. Fig 5 shows the field harmonics along the closed orbit path for two cells. The harmonics shown are determined from the variation of the mid-plane field in the plane transverse to the closed orbit path at each point along the path. The ICOOL simulation program can accept the field as a fourier decomposition of each of these harmonics along the closed orbit path. The field can be reconstructed by an expansion in variables of the local coordinate system defined by the closed orbit path [5] . The errors in the field calculated in this manner are expected to grow with distance from the closed orbit. TOSCA also provides a field map where the field errors are more uniformly distributed in space. This field map is used in a parallel study with GEANT [6] for tracking.
STORAGE RING SIMULATION
The muon beam will occupy a large fraction of the available aperture. Tracking muons through the ring in a storage ring mode without RF and hydrogen absorber can be used to establish the dynamic aperture of the ring. Muons are launched at different start distances from the closed orbit on a symmetry plane between two cells. These muons are tracked through the storage ring using the ICOOL simulation program. The particle positions and angles are sampled as each particle passes a symmetry plane between two cells. Fig. 6 shows x vs. x' (y vs. y') for muons launched at 1 cm intervals along the xaxis (y-axis). The horizontal dynamic aperture of this magnet is essentially as large as if a hard-edge uniform field were used. The shaping of the transverse profile of the pole is responsible for the large horizontal aperture. The figure shows that the vertical aperture is limited in size. The vertical focusing of the magnet is dependent on the field falloff in the longitudinal direction. The field falloff is dependent both on the vertical aperture, which must be large in order to contain the beam, and the distance to the next magnet, which is dictated by the size of the RF cavity. Varying the pole shape in the longitudinal direction to improve the vertical focusing is difficult because it would cut severely into the vertical aperture. Another approach to improve the vertical aperture would be to vary the field along the longitudinal direction with smaller dipole coils. This has not yet been investigated. Table 2 : Estimate of the size of the dynamic aperture.
The cooling ring was designed using SNYCH lattice design program. This program treats the dipole magnets with a hard-edge constant field with local edge focusing provided at the entrance and exit to the magnet. Using realistic fields calculated with TOSCA and reconstructing the field from harmonics may affect the lattice parameters.
RF CAVITIES
RF cavities are needed to replace the dE/dx energy loss the beam experiences circulating through the gaseous hydrogen in the ring. Through simulations we find that cooling performance is enhanced by using as low a frequency as possible. Space considerations give 200 MHz as a lower limit for the frequency of the cavities. We plan to take advantage of recent R&D studies of the muon collaboration in which 201.25 MHz are being developed with are designed with windows covering the beam apertures so that the accelerating field along the beam path can be enhanced. We intend to follow this approach and will incorporate the solution developed by the collaboration.
We have investigated the number of RF cavities needed in the ring and find that best performance is achieved when each of the four drift spaces incorporates an RF cavity. Removing a single cavity while utilizing three cavities in the remaining drift regions will not permit a satisfactory performance. Operations with two RF cavities placed symmetrically across the ring will work but with greatly reduced performance.
We consider a superfish solution for the 201.25 MHz cavities.
This solution is for a cylindrically symmetric pillbox cavity which has a radius of 63.6 cm and a beam line thickness of 25 cm. The 90 degree wedge shape at the edge permits four cavities RF cavities to join at the center of the ring. The cavities will operate at 77 degrees K which will give a reduction in power consumption of over a factor of two. The beam aperture windows in the cavity do not have a structural role. The peak RF power required to achieve 10 MV/m peak axial electric field in 10 MW if the cavities operate at room temperature. This power consumption will drop to below 5 MW considering the planned operation at 77 deg K.
Injection into and extraction from the test ring.
Injection
It is convenient to divide this process into two parts. Here we will assume that the beam pulse is shorter than the revolution time of the particles around the ring. In this case the usual technique is to use a septum magnet in a field free region to bend the (matched) injected beam parallel to the local reference orbit displaced from the reference orbit by the beam width plus the septum thickness. One quarter of a betatron oscillation downstream from the septum magnet, the injected beam crosses the reference orbit at an angle. A fast kicker magnet is located (also in a field free region) which deflects the beam so that it is parallel to the reference orbit. As soon as the beam has passed through the kicker, the field in the kicker is reduced to zero. Since the beam is matched, this results in no emittance growth by the process. `
In the case of the FFAG ring, this process suffers several deficiencies, largely because there are no truly field free regions in the lattice. The devices used to bend (septum) or kick (kicker) cannot use magnetic materials, and this seriously limits the technical possibilities. As an example of this, we might wish to kick a 250 Mev/c beam of 0.3 m width into the ring with a kicker. The amplitude implied is .15 m. The beta function of the ring is about .5 m, so the kick angle is about 0.3 rad, implying a strength ( 0.83) of 0.25 Tm. The distance between magnets is about .25 m, so the kicker field is about 1 T, which must be switched off in several nanosec. This is beyond current practice. (Kickers usually employ fields of .01-.04 T with 50-100 nsec fall times.) An alternative strategy is to employ the dissipative forces to gain effective strength. Absorbers, in addition to the hydrogen gas, may reduce the energy of a beam sufficiently to cause the beam radius to shrink sufficiently to miss the absorbers on subsequent revolutions as the cooling takes place. Although it might be argued that this does not solve the problem of injecting a large emittance beam, it appears useful for a test ring to demonstrate cooling.
The septum problem remains to be discussed. In the first injection system into the MURA 50 MeV model, the beam was introduced radially into a D magnet, which deflected it in the proper direction to be injected, then was deflected parallel to the reference orbit with a thin septum electrostatic deflector, thus satisfying the septum role. In the present case it will be necessary to be able to know the fields precisely, to track beam orbits through them, to employ field shunts in the strong field regions, and to utilize back leg fields to deflect the beam in order to present the beam in the proper place to "kick" the beam into the machine with the absorbers. Beam was extracted from the 50 MeV model by kicking it outward into a pulsed aircore septum 1/4 oscillation downstream, after which the beam exited across the peak field in a D magnet.
Extraction poses similar problems. The fact that the beam has been cooled reduces the requirements somewhat. The "septum" problem is identical in nature to that for injection, but easier because the beam emittance and momentum spread are smaller. The kicker problem can be replaced using a method employed in some cyclotrons. Since the tune of the ring is so close (1.03) to an integer, a small field perturbation causes a large motion of the equilibrium orbit. Then if a perturbation is turned on, the orbit, which is nearly a circle will "walk" away from center. This, plus the smaller size of the beam, substantially reduced the magnitude and rate of rise of the perturbation compared to the single turn kicker strength.
Depending on the detailed properties of the beam being injected, this might be employed for injection as well. This method was devised for and tested in FFAG models in the 1950's and 1960's. It seems possible, but must be tested, that the extraction perturbation might be turned on during cooling, so that extraction can be immediate, avoiding loss due to decay after the beam is cooled. Another possible scenario for the test ring is simply to "walk" the beam from the injection region across to the extraction region during cooling. Of course the absorber method cannot be used for extraction.
Although we cannot yet specify the injection and extraction precisely, we can imagine an injection system for the demonstration cooling ring that employs field shunts in the strong field regions, and utilizes back leg fields, so that the beam can be carried through a channel to the beginning of a straight section. After leaving the channel, the beam could pass through a set of absorbers intended to guide the beam away from the septum after the first turn. Finally, the energy loss in the gas would cause the beam (or its reference ray) to spiral into the center of the beam channel. This process might be enhanced by the "walking" mechanism mentioned above. To design such an injection system one must be able to know the fields precisely and to track beam orbits through them.
The Use of Cold Muon Beams from a High Pressure Gas Ring Cooler for Industrial and Commercial Applications
(a) Possible element selection by muon radiography Cosmic ray muons were used years ago to study the pyramids in Egypt by L. Alvarez. There could be new commercial uses of very cold energetic muon beams that have been cooled by the gas ring cooler. These beams would likely have to be accelerated to greater than 600 MeV energy in some cases and would need an energy spread of less than 100 KeV and a very small spot size. Examples of objects that could be studied at the required energy: 1) The range of the muon can be very small, allowing the muons to stop inside of nanostructures (the range of a 1 KeV muon is 8nm).
2) The polarization of the muons can be used to test the magnetic fields inside the structure. Both of these methods are in use today around the world, but the muon intensities are rather small (i.e. for PSI of order 10 6 -10 7 ). We quote from a recent talk at Nufact04 in Osaka Japanon the advantage of higher muon fluxes: "High quality muon beams (flux, emittance, brilliance) would have great impact on the application of muons in nanoscience (e.g. microbeam, possibility of lateral resolution on %m scale, investigation of ~100 %m x 100 %m samples".
Several of these schemes to decelerate muons have been pioneered by K. Nagamini as collaborators at RIKEN.
We list several results from this type of research at the end of this section. This could be a unique tool for the study of nanostructures since no other particles can have a nanometer range and then decay probing various features of the nanostructures. For basic method see E. Morenzoni et al, NIMB 192 (2002), 254.
For the ring cooler the beam could be extracted and then sent through an RFQ system to reduce the energy to the desired level. It may be possible to increase the flux of muons for this research by up to three orders of magnitude. That would greatly enhance this field of research. In Phase II we would attempt a conceptual design of such a system of decebration for muon technology science.
There is an exciting possibility that one of the key problems for developing a % + % -collider can be partially solved in the ring cooler. The problem is that a collider requires single bunches of % + and % -. However the number of bunches from the target may be in the 100s. At the 2001 Snowmass meeting we proposed one possible solution using "parking rings" to store the primary bunches and then to extract them and overlap. This scheme will increase the final emittance.
The gas ring cooler introduces two new components in the ring:
1) The particles entering the ring at higher energy and spiral as the energy is lost 2) The high gradient RF produces "deep buckets" that will capture the particles. There is a likelihood that each incoming bunch will be captured into the three buckets. The following injected bunch will follow the same process. If we consider the ultimate process of a very high pressure gas and very high RF energy gradient it is easy to see how this bunch capture (or compression) occurs.
One goal of the Phase II program would be to carry out a full simulation of this process. Already in the current simulation studies we can see some evidence that such a process can occur in a strongly dissipative/high gradient RF ring. 
%
-collider can more easily scan through these states and separate them (Figure 1) .
In addition the 6D cooling required now is much less. The current simulation of a full scale high pressure gas ring cooler indicates that the 6D cooling could be adequate for such a collider. Additional transverse cooling could still be needed, but the feasibility of the 6D ring cooler could lead to the development of a new scheme (Figure 1 ) for such a SUSY Higgs factory. A small test ring studied in Phase II and constructed with 6D cooling observed would be a big step towards the development of such a cooler in the USA. After the discovery of the A/H particles at the LHC a % + % -collider could be used to study these states and even the CP violation like a B factory.
There are many important applications of very cold muon beams using a 6D high pressure ring cooler as we have addressed here from nanotechnology to the SUSY Higgs factory.
